A construction of integrable hamiltonian systems associated with different graded realizations of untwisted loop algebras is proposed. Such systems have the form of Euler -Arnold equations on orbits of loop algebras. The proof of completeness of the integrals of motion is carried out independently of the realization of the loop algebra. The hamiltonian systems obtained are shown to coincide with hierarchies of higher stationary equations for some nonlinear PDE's integrable by inverse scattering method.
Introduction
It is known that non-linear equations integrable by the inverse scattering method admit the zero-curvature representation ∂U ∂t
where U (x, t) and V (x, t) belong to some loop algebrag (algebra of Laurent polynomials with the values in a finite-dimensional semisimple Lie algebra g). This representation is invariant under the gauge transformation by the corresponding loop group. Investigations stimulated by [1] resulted in a fact that the gauge non-equivalent equations (1) correspond to the different constructions of the basic representation of the loop algebra. Each the construction is related with a choice of the Heisenberg subalgebra, that determines a loop algebra realization. The explicit construction of all inequivalent graded Heisenberg subalgebras was given in [4] . Any of those is determined by the finite-order automorphism of the associated finite-dimensional Lie algebra. That automorphisms themselves are intimately related with the conjugacy classes of the Weyl group of the algebra. For example, in the sl n (IR) − case the Weyl group is isomorphic to the symmetric group S n . Its irreducible representations and hence conjugacy classes are classified by partitions of n: n = n 1 + n 2 + . . . + n r , n 1 ≥ n 2 ≥ . . . ≥ n r ≥ 1.
The partition n = 1 + 1 + . . . + 1 corresponds to the homogeneous construction, and the partition n = n is related with the principal one. When applied to the loop algebra sl 2 (IR), that cases lead to the hierarchies of higher modified Korteweg -de Vries (mKDV) equations and higher Korteweg -de Vries (KDV) equations respectively (cf. [11, 12] ). The investigation of the hierarchies of equations related with the other constructions is an actual problem (cf. [4, 5, 6] ). Let us remind that the functional phase space of a hamiltonian system that represents a non-linear integrable PDE contains the finite-dimensional subspaces being invariant under the actions of hamiltonian flows generated by all the integrals of motion of that system. That finitedimensional configurations arise as solutions of the higher stationary (Novikov's) equations [7] . The solutions provide a finite number of instability zones in the specter of the associated linear differential operator ( L − operator). It was shown [11] that Novikov's equations are equivalent to the Euler -Arnold equations [13] on orbits of the coadjoint representation of the appropriate loop group. The time evolution is realized in that scheme naturally also. That facts were stated considering the homogeneous realization of the loop algebra sl 2 (IR). The corresponding equations were interpreted as the higher stationary mKDV and sine-(sh-) Gordon equations.
This article develops the scheme of constructing the higher stationary equations on orbits of loop algebras of rank ≥ 1 (section 2). An accent is made on different realizations of the loop algebra. The "intermediate" hierarchies that are related with realizations differing from the two mentioned above are of special interest. But in fact, the paper deals mostly with the principal realization because of its fundamental place among the others: every intermediately constructed affine algebra is a "modification" of the principally realized one. Third section concerns the examples of the principal and homogeneous realizations of the loop algebra sl 3 (IR). As a result, the equations are obtained to be interpreted as the stationary Boussinesq's equation and the two-component mKDV -type equation respectively. We will also obtain the Lax representation for the Boussinesq's equation in terms of the coordinates on the orbit applying the DrinfeldSokolov reduction procedure [16] .
To conclude the introduction, the following should be stressed. The orbit interpretation of the finite-zone integration theory (presented in [11] and in this paper) allows to construct all the theory of non-linear completely integrable PDE's in a non-traditional way. Considering integrable hamiltonian equations on orbits as the ground of the theory and interpreting them as higher stationary equations for some (unknown yet) evolutionary equations, the problem of enumeration of integrable PDE's is reduced to an algebraic-geometrical problem to classify the loop algebras and their orbits. It is also possible to construct the integrals of motion for the evolutionary equations starting from those for the stationary equations on the orbit. The latters are got easily as expansion coefficients (relative to the complex loop parameter) of the Casimir functions in the enveloping algebra of the loop algebra stated into the base of the theory.
2 Constructing higher stationary equations: the orbit scheme 1. The general case. Let g be a semisimple finite-dimensional Lie algebra of rank R and P(λ, λ −1 ) the associative algebra of Laurent polynomials with respect to the complex parameter λ belonging to the unit circle. Let us consider the loop algebrag = g ⊗ P(λ, λ −1 ) with the commutator:
Below we will operate with the homogeneous and principal realizations ofg. A manifestation of the difference between them is their different gradations with the gradation operators d h and d p respectively (see,for example, [6] ). From now and later on the expressions " the realization of a loop algebra" and "the gradation in a loop algebra" are used as equivalent. Define the family of Ad−invariant non-degenerate forms ong:
where ( , ) denotes the Killing form in g. Decomposeg in the direct sum of two subalgebras: g =g − ⊕g + , whereg
A i λ i .
Theng + andg − is the dual pair relative to , −1 , with the coadjoint action
where P + denotes the projector ontog + . Let
be a basis in g. Keeping in mind our further purposes, it is more convenient to fix a dual basis
where
are the coordinates on M N +1 , stay invariant under the action ofg − .
The coadjoint action ofg + is defined on M N +1 also. Then µ(A) = µ , A N +1 , A ∈g + , and we identifyg * + with the subspaceg − ⊕ M N +1 in such a case. The coordinates on M N +1 can be written down as
, and M N +1 stay invariant under the action ofg + .
The coadjoint actions induce the family of Lie -Poisson structures on M N +1 :
Definition 1 Let H ν , ν = 2 , 3 , . . . , R + 1, be the Casimir functions in the enveloping algebra of g. They are polynomials of the variables µ k = (µ , Q k ) on the dual g * of g. The substitution
Theorem 1 1. The functions {h ν α } constitute an involutive collection in C ∞ (M N +1 ), relative to the Poisson structures W (−1) and W (N + 1).
The functions {h
3. The functions {h ν α } , α = 0, 1, . . . , N + 1, annihilate the Poisson structure W (N + 1).
Proof. LetQ

−l+σ i
(σ) be the tangent vector field corresponding to the basis element Q −l+σ i and the coadjoint action (2) ofg − (resp.g + ) for σ = −1 (resp. σ = N + 1). Then, ∀f ∈ C ∞ (M N +1 ),
Note that
.
By (6) and (4),
where C j ik denotes the structure constants of g. The ad * −invariance of H ν means
or, by previous formula,
Substitute (5) herein and equate the coefficients at the same degrees of λ. Then the following consequences arise:
Second and third assertions of the theorem follow immediately from (7) and (8) respectively.
The first assertion is clear if ν = µ. Let ν = µ; (9) leads to the sequence of equations:
, where m is a natural number. For every pair of non-negative integer numbers α and β that are less then (ν − 1)(N + 1) there exists a number m such that one of the following inequalities holds: Lemma 1 Let g ≃ sl n (IR).
The dimensions of the generic orbits
O gen − and O gen + are equal to dim O gen − = dim O gen + = (N + 1)(n − 1)n.
The number of the non-annihilators on the generic orbits is equal to
Proof. By Theorem 1 and keeping in mind Remark 2 , the assertions follow from the straightfor- 
Corollary 1 Hamiltonian flows (10) are integrable in the Liouville sense.
Proof. By Liouville theorem on the complete integrability [13] , the assertion follows from Theorem 1, Lemma 1 and Proposition 1.
Given hamiltonian h ν α , a Legendre-type transformation h ν α → L(h ν α ) can be defined, and the corresponding hamiltonian system
on the orbit admits the form of the Euler -Lagrange equation:
where L(h ν α ) is the Lagrange function associated with h ν α . The crucial point is that the hamiltonian flows generated by non-annihilators h ν α are invariantly embedded one into another. That means, for example, that the hamiltonian flow generated by h ν α on the orbit O gen − can be written as (11) , where
with the constants c i being linear combinations of the annihilators determining the orbit. This fact enables us to identify the Euler -Arnold equation of the form (10) with the higher stationary equation for some evolutionary integrable system. The hierarchy of the higher stationary equations arise since the number N can be chosen as large as necessary but finite. The lagrangian densities L( · ) appear as the densities of integrals of motion for the hierarchy of evolutionary equations, and are constructed purely algebraically without using the associated linear problem.
An additional ("time") evolution is realized as the action of any hamiltonian flow generated by non-annihilators h µ β = h ν α on stationary trajectory points of the hamiltonian system (10) . As the result the system of equations on the orbit arises:
Its compatibility condition has the zero-curvature representation form for the restriction of an evolutionary equation onto the orbit:
2. The sl n (IR)-case. Let g ≃ sl n (IR). Then R = n − 1. Let E ij denote n × n-matrix with the unit at the (ij)−entry and zeros elsewhere. Fix the dual basis of sl n (IR):
The homogeneous and principal gradation operators are given by
2 ) , respectively. The elements of the dual basis of sl 3 (IR) have the following grades with respect to d h and d p :
. . . . . . . . .
The Casimir functions in the enveloping algebra of sl n (IR) are H ν = 1 ν tr A ν , ν = 2, 3, . . . , n, where A belongs to the dual of sl n (IR).
3 The higher stationary equations on orbits of the principally and homogeneously realized loop algebra sl 3 (IR)
where the lower coordinate indices relate to the dual basis elements of sl n (IR), and the upper indices denote the grades of the corresponding dual basis elements of sl 3 (IR). Consider the Poisson manifold (M N +1 , W (−1)). It follows from the theory of finite-dimensional Lie algebras that an initial point of a coadjoint representation orbit is determined uniquely by the point in the Weyl chamber in the span of the Cartan subalgebra (cf. [14] ). By the analogy with that, we determine an initial point of the generic orbits fixing a point in the Weyl chamber for sl 3 (IR) that is the coefficient at λ N +1 . In the case of principally realized algebra sl 3 (IR), the Weyl chamber of sl 3 (IR) is (cf. [2] ) 
create integrable hamiltonian flows on the degenerated orbit. Fix the W (−1)−annihilators: C 2 1 = 0 , C 3 2 = 1, and consider the hamiltonian system dµ dτ 3 0 = {µ , h
Proposition 2 The equation (13) admits the restriction onto the immovable points of the following involution of the dual of sl 3 (IR):
Proof. The set of immovable points is determined by the constraints α 0 1 = −α 0 2 , γ
2 . This and the explicit form of (13) make the assertion obvious.
the latter is by (13)). Then (13) reduces to the system of two ordinary differential equations:
Proposition 3 The hamiltonian system (14) admits the Euler -Lagrange form:
where the lagrangian densities
Proof. Straightforward verification.
The lagrangian densities L 1 and L 2 coincide (up to total derivatives) with the corresponding densities of integrals of motion for the Boussinesq's equation (cf. [15] ). Hence, the Euler -Arnold equation (13) on the degenerated orbit is interpreted as the stationary Boussinesq's equation. Furthermore, the lagrangian density L 2 has the form of the Legendre -type transformation
The hierarchy of higher stationary Boussinesq's equations appears when the subspaces M N +1 , N = 0, 1, 2, . . . < ∞, are involved. The densities of higher integrals of motion are calculated in the same way as for N = 0. Remind the scalar Lax representation for the Boussinesq's equation (cf., for example, [16] ):
with the explicit form
∂ 3 u ∂x 3 − 2 3 u ∂u ∂x .
We are going to connect the standard unknown functions u and v with the variables on the orbit. To do that consider the coadjoint action of the subalgebrag + on the Poisson manifold 
coincides with (14) on the degenerate orbit. Since both of the µ and the dh 3 1 belong tog + (i.e. contain only non-negative degrees of the parameter λ), the equation (15) Proof. The statement follows immediately from Theorem 3.1 in ( [16] ) once the explicit form of the matrix dh 3 1 is written down. By this proposition, the quite simple expressions arise:
describing the restriction of u and v (up to a possible rescaling) from the infinite-dimensional phase space onto the trajectories of the equation (15) 
